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I. INTRODUCTION
One dimensional systems have often been a source for exact results. 1, 2 In the case of uniform or inhomogeneous fluids the hard rod system has proved to be useful and has been revised from time to time. 2, 3 Its equation of state was first derived by Rayleigh, 4 and rediscovered some time later by Tonks. 5 The distribution functions for the homogeneous system in the thermodynamic limit were first calculated by Salsburg et al., 6 and later Leff et al. obtained the number and pair densities for a system confined to a finite length using in the canonical ensemble. 7 Robledo et al. 8 studied the finite length effects on the equilibrium properties of the hard rod fluid and they found a relation between the distribution functions and the grand canonical partition function. Davis 9 generalized this last result to a system under the presence of an arbitrary external field, but explicit calculations were made only for the free field case. An equation for the density profile for hard rods in an arbitrary external field was derived by Percus 10 while Vanderlick et al. showed that Percus' equation admits an analytic solution.
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The present work deals with a hard rod fluid in the presence of a linear external potential that we call gravity. Both the canonical and grand canonical formalisms are developed. For the canonical ensemble it is found that the system is naturally divided in two or three regions: two walls zones and a central zone as it is also the case for the free field system. 7 The latter exist only under certain conditions. The main achievements of the present work are: ͑i͒ derivation of a closed form for the canonical partition function. From it generalizations of results already known for the null external field follow. The canonical distribution functions of the system are also derived and in particular the number density function n(x) is carefully studied. ͑ii͒ An explicit closed form for the canonical local pressure is derived from the knowledge of n(x) and the pair distribution function. ͑iii͒
The existence of a local equation of state is then addressed and it is shown that only if the strength of the external field is sufficiently weak does a local equation of state exist in the thermodynamic limit and only in the central zone. As far as we know this is the first time where the existence of a local equation of state can be explicitly shown for a nonideal gas. ͑iv͒ In the grand canonical ensemble a simple relation is found between the grand partition function and the local pressure.
The paper is organized as follows: In section II we sum the canonical partition function and generalize some thermodynamic relations valid for the zero field system. In section III the canonical molecular distribution functions are calculated emphasizing the number density profile features. In section IV we compute the pressure profile and consider the existence of a local equation of state. In section V some relations regarding the grand canonical ensemble will be shown. In section VI we summarize our main results with some additional comments. The explicit formulae for the canonical number density, pair distribution function and pressure profile for the system are displayed in the appendix at the end of the article.
II. CANONICAL ENSEMBLE
Let us consider a fluid composed of hard rods, i.e. interacting through the pair potential
where is the length of each rod. The system has N particles ͑rods͒ confined to a ''volume'' of length L ͑Fig. 1͒ under the presence of a uniform external field of strength g which we call gravity.
Due to the particular form of the interaction, the Boltzmann factor reduces just to a Heaviside step function, defined as the unity for positive values of the argument and zero otherwise, exp͑Ϫ␤u͑x ͒͒ϭ͑xϪ͒, ͑2͒
and then the configurational partition function for the system is just
where x 1 рx 2 •••рx NϪ1 рx N are the positions of the centers of the particles and x 0 and x Nϩ1 are the positions of the centers of fixed particles that define the bottom wall and the top walls, respectively. They satisfy x Nϩ1 Ϫx 0 ϭLϩ as it is illustrated in Fig. 1 . The parameter ␤ is the reciprocal of k B T where k B is the Boltzmann's constant and T is the absolute temperature. The difference between the position of the last particle and the floor particle satisfy the inequality
The evaluation of the partition function can be done introducing variables r k ϭx k Ϫx kϪ1 Ϫ, kϭ1,...,N. From ͑4͒, the relative distances r k satisfy
where l ϭLϪN correspond to the reduced volume and the integration has to be done over all positive values of r k compatible with ͑5͒. The configurational partition function then becomes
͑6͒
All the Heaviside functions evaluated in the variables r k are equal to unity since r k goes from 0 to infinity in each integral. Replacing the remaining Heaviside function by its integral representation,
iϱϩ 0 dp p exp͑ px͒, ͑7͒
and reverting the order of integration each one can be easily evaluated. The final result is
The configurational partition function Z N depends on x Nϩ1 through the relation l ϭx Nϩ1 Ϫx 0 Ϫ(Nϩ1).
As the strength of the gravitational field vanishes the usual partition function for hard rods is recovered. 1 On the other hand, for any finite value of ␤mg the partition function explicitly depends on the position of the bottom molecule and, if the length of the box goes to infinity, the only relevant length scale for the system is
The thermodynamics of the system can now be easily computed from the canonical partition function. The Helmholtz free energy for the system is Aϭk B TNlog⌳ϩmgNx 0 ϩmg N͑Nϩ1͒ 2
where ⌳ is the De Broglie wavelength. The pressure ͑force͒ on each one of the walls can be computed simply by taking the partial derivative with respect to the position of these walls. The force exerted on the fluid by the bottom wall is
and the forced exerted on the top wall by the fluid is
Their difference is the weight of the system as expected. Due to the presence of gravity the pressure field is no longer uniform. Equation ͑11͒ can be simply interpreted as the hydrostatic pressure plus an additional term that is related to the existence of the upper wall. If the position of the upper wall goes to infinity, the fluid exerts no force on it and the pressure on the bottom wall is just the hydrostatic term. Taking the limit g→0 yields the well known equation of state 1,4,5
Taking the derivative of equation ͑10͒ with respect to N the dependence of the chemical potential on g is found to be
͑14͒
Introducing the reduced fugacity as ϭexp(␤)/⌳ and using equations ͑11͒ and ͑12͒ the following relation is found
͑15͒
As the parameter ␤mg goes to zero the pressure becomes uniform and the relation found by Robledo et al. 8 is reobtained.
III. CANONICAL MOLECULAR DISTRIBUTION FUNCTIONS
The number density at a given height x can be computed from both its definition as an ensemble average,
or from the evaluation of the well known functional derivative
In the expression above v(x) is an arbitrary external field which has to be evaluated to v(x)ϭmgx after differentiation. This functional derivative yields the well known factorization 12 n͑x ͒ϭ exp͑Ϫ␤mgx͒
͑18͒
The explicit form for the number density for the hard rod system is displayed in the appendix. The density profile has a structure similar to the case of zero gravity, two border zones of width (NϪ1) going from the bottom of the box to x 0 ϩN and from x Nϩ1 ϪN to the top of the box, plus a central zone that exists only if Nр(Lϩ)/2. The behavior of the density profile is dominated by the characteristic length g introduced in equation ͑9͒. For values of g greater than the length of the box the number density is just slightly modified from the zero gravity case. As g decreases ͑larger g) the particles move to the bottom of the vessel, increasing the number of density oscillations and compressing the oscillatory structure in the same direction. For g small enough, with respect to the length of the box, the particles never reach the upper wall and the behavior of the system is just the same as a fluid confined to smaller region. The density decreases exponentially down to zero with height in this case. The dependence on the position of the bottom wall is trivial because it is just a shift in the choice of the origin of coordinates. Figure 2 shows the number density for 10 rods and some values of g and L.
The contact values of the density are
which means that these values of the number density are proportional to the pressure exerted by the fluid to the wall. This generalizes a relation found by Robledo et al. 8 Higher order distribution functions can be determined in a similar fashion from their definition in the canonical ensemble
Due to the hard rod repulsive nature of the potential the particle order remains unchanged during the evolution. Hence if the coordinates satisfy the relation
͑22͒
The function n (k) can be computed for all the values of x 1 ,...,x k using its symmetry
for all j, jЈϭ1,...,k. Using functional differentiation of the canonical partition function it can be shown that ͑22͒ takes the form
and then all the canonical molecular distribution functions can be computed from the configurational partition function. An explicit expression for the pair distribution function is displayed in the appendix.
IV. LOCAL PRESSURE AND A LOCAL EQUATION OF STATE
The local pressure can be evaluated from the knowledge of the density and the pair distribution function. The kinetic contribution to the pressure is the same as in the ideal case, i.e., k B T times the number density. The intermolecular contribution can be computed in the one dimensional case following the mechanical arguments due to Irving et al. and others, 13 and they are reproduced here for completeness. Following their arguments, let us divide the space in two regions, below ͑zone 1͒ and above ͑zone 2͒ some height x, as shown in Fig. 3 .
The force that a molecule at x 2 in zone 2 senses, due to the presence of a molecule at x 1 in zone 1, is
where x 12 ϭx 2 Ϫx 1 . The mean number of particle pairs positioned at x 1 and x 2 is proportional to the pair distribution function evaluated at those positions. We can refer those positions to the height x as x 1 ϭxϪ␣x 12 and x 2 ϭxϩ(1Ϫ␣)x 12 where ␣ is the ratio between xϪx 1 and x 12 and satisfies 0р␣р1. For a fixed value of x 12 the vol- ume element where particle 1 has to be located in order that the length ␣x 12 ends in x is x 12 d␣. The mean number of pairs with particle 1 between x 1 and x 1 ϩ͉x 12 ͉d␣ and particle 2 between x 2 and x 2 ϩdx 12 is n ͑ 2 ͒ ͑ xϪ␣x 12 ,xϩ͑1Ϫ␣ ͒x 12 ͉͒x 12 ͉d␣dx 12 . ͑26͒
The force felt at a given height x due to the intermolecular interaction between the molecules is 
͑29͒
and it is straightforward to see that the collisional contribution vanishes at the ends of the box because the pair distribution function is zero for values of its arguments outside the system. This is consistent with relations ͑11͒ and ͑12͒ between the pressure and the contact number density. The elastic hard collision between the rods yields a simple exchange of their velocities or, in an equivalent picture, one could equally well relabel the particles in each collision and think that they pass through each other without altering their speed. From this second viewpoint apparently then the system is equivalent to one of noninteracting particles and therefore the pressure should be of pure kinetic origin contrary to what ͑29͒ states. This is not so and the gas is not totally trivial because either the particles bounce back, exchanging their velocities, or else they suffer an infinite acceleration that instantaneously displaces them to a new position away. In either picture collisions are a nontrivial processes, responsible for the additional term to the pressure.
Evaluating the pair distribution function-see the appendix, equation ͑A2͒-at x 1 ϭxϪ␣ and x 2 ϭxϩ(1Ϫ␣) it is seen that only the nearest neighbor particles contribute to the collisional pressure as expected. The explicit form for the pressure profile is also given in the appendix. Figures 4 and  5 show the collisional and total pressure for 10 molecules and several values of g and L.
The structure of the pressure profile is similar to the number density profile. As it has already been mentioned, three different zones can be distinguished, border zones of width (NϪ1) on both extremes of the box and, if the bulk density is low enough, a central zone.
A local equation of state between both profiles arises in two cases: ͑i͒ when the density is low enough and ͑ii͒ when the length associated to the gravity field, g , is greater than the size of the vessel. In the first case the collisional contribution to the pressure is negligible with respect to the kinetic term and therefore the pressure profile equals k B Tn(x). The second case is the usual local thermodynamic assumption, widely used, for instance, in fluid dynamics, 15 and can be explicitly demonstrated for this system. Indeed, expanding equations ͑A1͒ and ͑A3͒ to first order in L/ g for heights belonging to the central zone and taking the thermodynamic limit, N,L→ϱ with n B ϭN/L constant, the profiles become
and then the pressure and density profiles are related through 
F͑x
which is the expansion, to first order in ␦n(x)ϭn(x)Ϫn B about n B , of the equation of state for the system with zero gravity. As far as we know this is the first nontrivial system where a local equation of state can be explicitly derived from statistical mechanics arguments. The finite size corrections to equation ͑32͒ can be derived straightforwardly from the exact expressions ͑A5͒ and ͑A6͒ given in the appendix.
V. GRAND CANONICAL ENSEMBLE.
The thermodynamic state of the system in the grand canonical ensemble is defined by the positions of each wall, x 0 and x Nϩ1 , the temperature T and the chemical potential .
The grand canonical potential is
where
where is the reduced fugacity introduced in ͑15͒. The thermodynamic probability for a system to have exactly N particles is
In the absence of gravity the probabilities P N are functions of L and only. However, for nonvanishing g these probabilities are also functions of x 0 and g , i.e., different systems can be distinguished by the position of the bottom wall.
For zero gravity and a fixed value of , all probabilities go to zero as L increases. If instead the value of g is finite, they all reach a stationary value as L grows ͑see Fig. 6͒ , as can be readily seen using equations ͑8͒ and ͑35͒.
As a consequence for a fixed value of g the mean number of particles reaches an asymptotic value when the size of the system is just a few times the associated length g ͑see Fig. 7 , top͒. This result can be derived intuitively recalling that the velocity distribution function for the system does not depends on L. Since we have fixed the temperature, the larger velocities needed to reach the top wall as L grows will be very unlikely, and hence almost all the particles will be 6 . Probabilities that the system has zero to four particles as a function of L are shown. In both cases the reduced fugacity is unity and x 0 ϭϪ/2. In the top figure the probabilities go to zero with L. In the lower figure the probabilities reach a stationary value because of the finite value of g . below that wall. The asymptotic mean number depends on, besides g , the position of the bottom wall and the reduced fugacity. It does not scale linearly with L as is the case for vanishing gravity. On the other hand, keeping x 0 , L and fixed, the average ͗N͘ is a strictly increasing function of g ͑see Fig. 7 , bottom͒. This is intuitive because as gravity increases less particles pass from the particle bath to the system.
The mean number of particles for a box of length Lϩ can be related to averages of quantities for a box of length L and therefore an expression for the reduced fugacity can be found. It is
It generalizes the result found by Robledo et al. 8 and it has a resemblance to equation ͑15͒ found in the canonical ensemble. The number density and higher distribution functions in the grand canonical ensemble can be obtained from the expressions derived by Davis, 9 adapted to the presence of a gravitational field. They are Figure 8 shows the number density profiles for some values of and g . As g goes to zero with fixed , the density profile shows less density oscillations than the canonical counterpart. The reason for this is that there is an exchange of particles between the system and a reservoir. Hence the mean number of molecules decreases as g increases.
The pressure profile has a simple expression in terms of the grand canonical partition function also, FIG. 7 . Top: For finite values of g the mean number of particles saturates as L increases. The reduced fugacity in all cases has been set to 20/ and x 0 ϭϪ/2. Bottom: The mean number of particles goes to zero as gravity increases ͑vanishing g ), and then most of the molecules will be at the particles bath surrounding the system. FIG. 8. Density profiles in the grand canonical ensemble. In both cases the fugacity has been set to give 10 particles for the zero gravity system. If is kept fixed, the mean number of particles decreases as g increases.
͑38͒
It shows that the collisional pressure decays to zero faster with height than the number density. Figure 9 shows the pressure profile and the nonideal contribution to the pressure for two values of and some values of g . In the grand canonical ensemble no central zone exists for finite length because the number density and pressure profiles both have contributions from all the canonical profiles from one molecule to the largest number of particles that the system allows.
VI. CONCLUSIONS
Our main results for the canonical ensemble can be summarized as follows: ͑i͒ A closed form for the partition function is found and from it the number density, the pair distribution function and higher distribution functions are derived. ͑ii͒ The contact number density density, i.e., the number density at the extremes of the box, is proportional to the forces exerted on each wall by the fluid and this result generalizes the zero field case where the contact number density is proportional to the bulk pressure of the fluid. A similar generalization is achieved for the fugacity of the system, which is now a function of the pressure on each wall and the position of the bottom wall. ͑iii͒ The pressure profile can be computed explicitly for the system and, for a sufficiently weak gravity field, a local relation with the density profile in the thermodynamic limit emerges. This relation corresponds to the equation of state for the system with zero gravity. Finite size effects can be directly considered from the exact expressions ͑A5͒ and ͑A6͒ given in the appendix.
Regarding the grand canonical ensemble, it can be pointed out that the number density shows that if the value of the reduced fugacity is kept fixed and the gravity field increases, the number of density oscillations is smaller that the canonical counterpart. The reason for this is that now the system can exchange particles with an environment and, when gravity becomes stronger, less particles can pass from the particles bath to the system, reducing the mean number of particles. In order to keep the number of particles constant one has to raise the value of the chemical potential.
Finally we would like to remark that besides its academic importance, this result should be useful when comparing approximations in the study of nonuniform fluids. As far as we know this may be the first example of nonuniform fluid, besides the ideal gas, for which all molecular distribution functions can be explicitly computed directly from statistical mechanics arguments.
ACKNOWLEDGMENTS
One of us ͑J.I.͒ wishes to thank Jaime de la Jara for fruitful discussions regarding this work. J.I. is partially supported by Fundacion Andes through Grant C-12400 and FONDECYT research project 2950012.
APPENDIX: EXPLICIT FORMULAE
͑1͒ Number density:
where k ϭx Ϫ(kϪ1), and x ϭxϪ(x 0 ϩ). This equation recovers the result for the number density found by Leff et al. 7 when g goes to zero. ͑2͒ Pair distribution function: FIG. 9 . The pressure profile, collisional contribution and number density are shown. The reduced fugacity was set to give 10 particles in the free field case. In the top figure the bulk density ͗N͘/Lϭ0.231 and the collisional contribution to the pressure is always present. In the bottom figure the gravity field is strong and then for heights beyond a determined value the nonideal contribution to the pressure is negligible. The bulk density ͗N͘/Lϭ0.041 in this case. and k was introduced in equation ͑A1͒. ͑4͒ Number density and pressure profiles expanded to first order in L/ g :
